A novel re-defining of the orthotropic material properties in terms of a so-called associated geometric mean isotropic (GMI) material is used to develop a thorough buckling analysis of an axially-loaded orthotropic circular cylinder. A membrane prebuckling condition is assumed and an expression for the buckling stress is derived in terms of cylinder geometry, orthotropic material properties, and the number of waves in the buckling deformation pattern in the axial and circumferential directions. By assuming the number of waves in each direction are real-valued variables, as opposed to integers, conditions which result in stationary values of the buckling stress are sought, and once found, examined for their character as regards representing minima, maxima, or saddle points. Three quite different buckling characteristics are predicted, the particulars depending on the shear modulus of the orthotropic material relative to that of the associated GMI material. It is shown that if the shear modulus of the orthotropic material is greater than the shear modulus of the associated GMI material, the cylinder buckles into a unique axisymmetric deformation pattern. If the shear modulus of the orthotropic material is less than the shear modulus of the associated GMI material, the cylinder buckles into a unique nonaxisymmetric deformation pattern. If the shear modulus of the orthotropic material is exactly equal to the shear modulus of the associated GMI material (this is the situation for an isotropic cylinder), the cylinder can buckle into either axisymmetric or nonaxisymmetric deformation patterns. Moreover it is shown that, in this case, there exists a number of deformation patterns, all at essentially the same stress level. Closed-form lower-bound expressions for the buckling stress are developed using the adopted notation, the value of the shear modulus relative to the shear modulus of the GMI material determining which expression is applicable. The results of this analysis are applied to a circular cylinder constructed of a lattice structure consisting of helical and circumferential ribs, a so-called orthogrid lattice cylinder, where it is assumed that the ribs of the lattice structure are dense enough to be able to represent the elastic properties of the lattice with an equivalent homogenized orthotropic material. An isogrid cylinder, where the helical rib angle is 30°relative to the axial direction, is a special case. The orthotropic cylinder analysis is reformulated in terms of the material properties of the ribs and the angle of the helical ribs. For this situation the isogrid case is the GMI material, and the rib angle determines whether the shear modulus of the equivalent orthotropic material is greater than or less than the GMI material. This translates into the character of the buckling deformations depending directly on the rib angle.
Introduction and background
Among the many aspects of interest in the study of structures, stability plays a fundamental role. Thin-walled shells are particularly susceptible to a loss of stability. In some cases this loss of stability causes the structure to collapse. Consequently, it is of unquestionable importance to have a full understanding of the stability behavior of shells in order to produce suitable designs for practical purposes.
A thin-walled cylinder is a prime example of a shell structure for which stability is an important consideration. Most cylindrical structures are constructed with a circular cross section because of the efficiency of the circular shape in reacting, for example, internal and external pressure, and torsional, bending, and axial loads. Therefore, much has been written over a long period of time regarding the stability of circular cylinders subjected to a variety of loads, as evidenced by periodic reviews such as the one by Knight and Starnes (1997) and the extensive number of references in a recent book by Jones (2006) . And the interest continues, particularly with cylinders constructed of fiber-reinforced composite materials as discussed, for example, in Weaver (2002), Wong and Weaver (2005) , and Takano (2008) .
For the specific case of thin-walled circular cylinders constructed of isotropic materials, there are an extraordinary number of papers. For cylinders constructed of orthotropic materials, there are fewer, but there has been interest for quite some time. The buckling of stiffened isotropic cylinders has been studied by assuming they are constructed of an equivalent orthotropic material (Block et al., 1965) . Likewise, corrugated isotropic materials can be represented by assuming equivalent orthotropic material properties (Baker, 1964) . The core material of sandwich structures is often orthotropic, and for identical isotropic face sheets, the result is an equivalent slightly-orthotropic material (Reese and Bert, 1974) .
The approach for estimating the axial buckling stress of an orthotropic circular cylindrical shell, which parallels the classic approach for isotropic cylinders, is to assume the prebuckling rotations are negligible (i.e., a membrane prebuckling state prevails) and to assume a double-harmonic form for the variation of the buckling displacements as a function of the axial and circumferential coordinates. Typically, the double-harmonic functional form for the buckling displacement depends on the number of half waves in the axial direction m and the number of full waves in the circumferential direction n. An early derivation of the axial buckling stress resultant for an orthotropic circular cylinder as a function of m, n, and material and geometric properties can be found in the oft-quoted work of Stein and Mayers (1952) for a cylindrical sandwich construction. This derivation includes deflections due to transverse shear. A similar derivation, including dynamic effects, can be found in Jones and Morgan (1975) for a cross-ply laminated circular cylindrical shell, though such a cylinder is not truly orthotropic. To find the critical axial stress resultant for a given set of properties, a search of the expression is conducted to determine the values of m and n that result in the lowest value of the stress. A less direct approach is to assume that m and n (or some combination of them) are real-valued variables and use calculus find the analytical minimum. Because m and n are not considered integers in the analytical approach, the result is a lower-bound estimate of the buckling stress resultant. An early contribution in this direction can be found in Dow and Rosen (1966) , where the structural efficiency of an axially loaded simply-supported orthotropic circular cylindrical shell is studied. Ignoring transverse shear contributions, the analytical minimization of the axial stress expression found in Stein and Mayers (1952) is performed and two distinct closed-forms for the axial stress of an orthotropic cylinder are derived. The critical axial stress is assumed to be the lower value between these two expressions.
Another material form that is often represented as an orthotropic material is lattice construction. If the lattice construction is dense enough, an equivalent orthotropic material representation is accurate for overall structural response calculations. Since the lattice involves a single layer of material, there is no bending-stretching stiffness so the construction is truly orthotropic. Vasiliev (1993) and Vasiliev et al. (2001) have studied lattice construction extensively, wherein the included angle between the helical legs, or ribs, of the lattice and the axial direction is not necessarily 30°, hence the term anisogrid is used to contrast with the case where the included angle is 30°, namely, the isogrid case. Vasiliev (1993) derived closed-form expressions for the axial buckling load of an orthotropic circular cylinder and recognized that one of the closed-form expressions is associated with axisymmetric buckling deformations, whereas the other one is associated with nonaxisymmetric buckling deformations. The critical stress is assumed to be the lower of the two. It should be mentioned that in the work of Dow and Rosen (1966) there was no mention of the character of the buckling deformations associated with each of the two expressions for axial stress they derived.
In the present paper a similar analytical minimization will be performed, including the study of the second derivative with respect to the wave numbers m and n of the expression for the axial stress, and the results applied to a circular anisogrid lattice cylinder, hereafter referred to as a circular orthogrid lattice cylinder to distinguish it from cases where there may be bending-stretching stiffness due to a particular lattice construction. One important advantage of the presented derivation is the re-defining of the standard orthotropic material constitutive properties in terms of a so-called associated geometric mean isotropic (GMI) material. This re-defining greatly simplifies the notation and the calculations. Another important advantage of the presented derivation is that it provides a simple procedure to determine the pattern of buckling deformation based only on the knowledge of the constitutive properties of the orthotropic material. Moreover, the presented derivation illustrates clearly that the shear modulus of the associated GMI material is a key parameter; in fact it will be shown that the buckling deformation behavior of an orthotropic cylinder is determined completely by whether the actual shear modulus is less than, equal to, or greater than the shear modulus of the associated GMI material. For the orthogrid construction this will be shown to depend only on the helical rib angle. Finally, the proposed approach furnishes a mathematical explanation of the high density of close eigenvalues associated with different buckled shapes for the case of circular cylinder with the shear modulus equal to the shear modulus of the associated GMI material, which is the case for isotropic materials. It is also illustrated how a small perturbation in the cylinder geometry can produce dramatically different buckled shapes.
The derivation begins in the next section by defining dimensionless geometric parameters, the associated GMI material, the orthotropic material properties in terms of the associated GMI material, and the expression for the axial buckling stress in terms of the geometric and material parameters and the number of waves m and n. In the sections following that the stationary points for the axial buckling stress expression with respect to variations in m and n, which are considered real-valued variables as opposed to integer values, are rigorously analyzed. The four types of stationary points are classified as minima, maxima, or saddle points and ultimately closed-form expressions for the buckling load of an orthotropic cylinder are presented. The predicted buckling deformations are discussed. Attention is then turned to the application of the developed analysis to characterize the buckling characteristics of a circular orthogrid lattice cylinder, in particular the definition of the associated GMI material for the orthogrid lattice and its relation to the helical rib angle. Also in particular is discussed how the buckling characteristics of the orthogrid cylinder are very much dependent on the helical rib angle and the interpretation of that helical rib angle in terms of the associated GMI material. Summary comments conclude the paper.
Statement of the problem
Consider a circular cylinder of radius R, thickness h, and length L. The following dimensionless parameters will be introduced:
The parameter g measures the thinness of the shell, while the parameter k measures the aspect ratio of the cylinder, i.e., the ratio between the half circumference and the length. Of course g and k must be both positive. The cylindrical shell is assumed to be made of orthotropic material. As is well know, for a state of plane stress an orthotropic material can be modeled considering four constitutive constants, i.e., the Young's moduli in the two principal directions E 1 and E 2 , the major Poisson's ratio m 12 , and the shear modulus G 12 . The minor Poisson's ratios m 21 is related to the major Poisson's ratio by the relation m 12 E 2 ¼ m 21 E 1 . For convenience, an isotropic material having constitutive constants equal to the geometric mean of the constitutive constants of the given orthotropic material will be introduced as follows:
An isotropic material defined through the constitutive constants (2) will be referred to in the following as the geometric mean isotropic (GMI) material associated with the given orthotropic material. The essential requirement for the stiffness matrix to be positive definite produces the following constraint equation for the constitutive constants of the GMI material:
Moreover, two nondimensional parameters will be introduced:
The parameter e 12 measures the level of orthotropy between the two principal directions, whereas the parameter g 12 measures how much the actual shear modulus G 12 differs from the shear modulus G of the associated GMI material defined in (2). The requirement for the stiffness matrix to be positive definite produces the condition that both e 12 and g 12 must be positive. Accordingly, only values of g 12 and e 12 that satisfy the requirement will be considered. In the following, orthotropic materials having 0 < g 12 < 1, g 12 ¼ 1, and g 12 > 1 will be referred to as under shear-GMI, shear-GMI, and over shear-GMI, respectively.
Also, instead of the four engineering properties E 1 , E 2 , m 12 , and G 12 , the orthotropic material will be described through the four material parameters E, m, e 12 , and g 12 . The relations among the engineering properties and material parameters used here are
Based on (5) it should be noted that when both e 12 and g 12 are equal to unity, the orthotropic material becomes isotropic and coincident with the associated GMI material. Herein Donnell-Mustari-Vlasov cylindrical shell theory will be used to study cylinder buckling. There are limitations to this shell theory, the most important being that it looses accuracy when the number of full waves in the circumferential direction is in the range 1-5. Also, the theory works best for cylinders of intermediate length. The equations governing buckling of a circular cylinder based on Donnell-Mustari-Vlasov shell theory are given in Section 4.8 of Jones (2006) , in addition to a general expression for the classical buckling stress. Assuming an orthotropic axially-loaded circular cylinder with S2 simple supports and homogeneous through the thickness, and substituting (1) and (5) into the general expression for the classical buckling stress, the axial buckling stress can be written as
It should be noted that the constant E appears only as a factor in the critical stress expression (6) and does not appear in the coefficients p and q. In order to find the critical stress and the eigenmode associated with that stress, (6) must be evaluated for a considerably large number of values of the integers m and n. It should be noted that this operation is time consuming and does not guarantee that the needed minimum belongs to the set of spanned values of m and n, even if this set is large. In this work a closed-form expression for a lower-bound of the critical axial stress of an orthotropic circular cylinder will be derived. Moreover, it will be shown how a qualitative prediction of the buckling shape (i.e., axisymmetric or not) can be made based only on the value of the parameter g 12 defined in (4). To accomplish this, in the following the integer values m and n will be considered as real variables, and consequently the stress will be considered a real function of the two real variables m and n defined as
where the p and q coefficients are again given by (8i). The classical problem of finding the pair of integer values ðm; nÞ such that (6) is minimum is replaced here by the problem of finding the minimum of the real function (9) in the domain D defined as follows:
The definition of the set D is based on few arguments. First, it should be noted that the origin is a singular point for (9) and consequently must be excluded by D. Second, as mentioned previously, the variables m and n are associated with the number of half and full waves in the axial and circumferential directions, respectively, and can not assume negative values. Finally, m ¼ 0 must be discarded because it is associated with the trivial solution, while n ¼ 0 can be included as it is associated with axisymmetric deformations.
Stationary points
In order to establish if (9) admits a minimum in D, its stationary points must be evaluated. The stationary condition can be expressed as orðm; nÞ om ¼ 0
Performing the needed calculation, (11) can be rearranged to give P m1 ðm; nÞP m2 ðm; nÞ ¼ 0
where P m1 ðm; nÞ, P m2 ðm; nÞ, P n1 ðm; nÞ, and P n2 ðm; nÞ are polynomial functions of the two real variables m and n. More precisely, P m1 ðm; nÞ and P n1 ðm; nÞ are quite simple and are given by
It should be noted that the equation P m1 ðm; nÞ ¼ 0 corresponds in the Cartesian plane ðm; nÞ to a pair of specular lines through the origin having slope AEc, while the equation P n1 ðm; nÞ ¼ 0 simply represents the m axis. By contrast, the polynomials P m2 ðm; nÞ and P n2 ðm; nÞ are more complicated and are considered in Appendix A. Based on (12) it can be noted that the problem under study admits four different types of stationary points, as defined in Table 1 . The stationary points of type-1, -2, and -3 involve at least one of the polynomials P m1 and P n1 defined in (13). These polynomials are of low degree, consequently the equations P m1 ¼ 0 and P n1 ¼ 0 can be easily solved for the variable n. By substituting the solutions for n into the remaining equation, identified as True in the definition of the stationary point given in Table 1 , the intersection of the two relations can be obtained. The coordinates of the stationary points associated with type-1, -2, and -3 are listed in Table 2 , where it can be noted that there exists a single solution for a type-1 stationary point, four solutions for a type-2 stationary point symmetrical with respect to both the m and the n axes, and two solutions for a type-3 stationary point symmetrical with respect to the n axis, for a total of seven stationary points. It can also be noted in Table 2 that because of convenient symmetry properties of P m1 ðm; nÞ with respect to m and n that enhance the discussion of the stationary points, the domain of definition (10) is temporarily ignored. The positions of type-1, -2, and -3 stationary points in the ðm; nÞ plane are shown in Fig. 1 . The two straight lines n ¼ AEcm are shown in the figure (dashed lines) to highlight the fact that the stationary point of type-2 moves on these lines when g 12 is varied from zero to infinity. More precisely, all four stationary points of type-2 coincide with the origin when g 12 ¼ 0. As soon as g 12 is increased they move away from the origin and follow the two lines n ¼ AEcm until they reach the maximum value of their coordinates, namely ðm;
þ mÞ=ð1 À mÞ they reverse their direction and move back towards the origin on the same lines. Conversely, the coordinates of the stationary points of type-1 and -3 are independent of g 12 .
Type-4 stationary points are much more complicated to study and are discussed in Appendix A, where it is shown that the condition necessary to have type-4 stationary points requires the two polynomials P m2 and P n2 to be coincident, a degenerate condition. This can only occur when the orthotropic material is shear-GMI, i.e., G 12 ¼ G, or g 12 ¼ 1. When this happens there are an infinite number of stationary points that lie on coincident ellipses that are tangent to the n axis at the origin. The condition necessary to have type-4 stationary points can be written in the following form:
Looking at (14) it can be noted that the first two factors of P m2 and P n2 are always positive quantities and can never vanish, while both the third and the fourth factors can be zero. These third and fourth factors represent the equations of two identical ellipses tangent to the n axis at the origin, as shown in Appendix A in Fig. A .1 (e). The minor radius a, the major radius b, and the ratio b=a for these identical ellipses are given by
According with the statement of the problem given at the end of the previous section, which requires the stationary points to belong to the set D (see (10)), any stationary points that do not belong to D must be discarded. It can be seen that among all the stationary points of type-1, -2, and -3 of Table 2 , only two of them belong to D. More precisely, the stationary point of type-2 having both coordinates positive, which will be referred to in the following as P 2 ¼ ðm 2 ; n 2 Þ, and the stationary point of type-3 having a positive m coordinate, which will be referred to in the following as P 3 ¼ ðm 3 ; 0Þ, are in D. Regarding type-4 stationary points: it should be noted that only the points belonging to the upper branch of the right ellipse associated with the degenerate stationary point of where the equation of an ellipse in terms of the parameter t can be recognized. It should be noted that when g 12 ¼ 1 both the stationary points of type-2 and -3 belong to P 4 ðtÞ. More precisely, when g 12 ¼ 1 it can be seen that P 2 ¼ P 4 ðp=2Þ and P 3 ¼ P 4 ð0Þ. This result can be expressed by saying that when g 12 ¼ 1 all possible stationary points lie on the branch of the ellipse defined by (16). It should be further remarked that while the stationary points of types -2 and -3 are defined for any permissible positive value of g 12 , the degenerate nontrivial stationary points of type-4 exist only for g 12 ¼ 1. Stated differently, if the shear modulus of an orthotropic material G 12 is not equal to the associated GMI material shear modulus G of (4), i.e., g 12 -1, then the only solutions to (11) are associated with the values of m and n given by the type-2 and type-3 stationary points in Fig. 1 , a very limited set of values for m and n. On the other hand, if G 12 of the orthotropic material is equal to the shear modulus of the associated GMI material, i.e., g 12 ¼ 1, the infinitely many values of m and n in Fig. 2 are solutions to (11). As G 12 is an independent material parameter, its value can be tailored to produce type-2, -3, or -4 stationary points. First, however, it is important to classify the three nontrivial types of stationary points as to whether they correspond to maxima, minima, or saddle points of (9). 
Classification of the stationary points
As known from real analysis a given function admits a maximum at a stationary point when Hesse's matrix, evaluated at this point, is negative definite. Conversely, a given function admits a minimum at a stationary point when Hesse's matrix evaluated at the stationary point is positive definite. Finally, if Hesse's matrix is neither positive nor negative definite when evaluated at a stationary point, it admits both negative and positive eigenvalues, resulting in a saddle point. Hesse's matrix associated with (9) 
Details of the positive and negative definiteness of Hesse's matrix are given in Appendix A. The classification of the stationary points is summarized in Table 3 , where it can be easy realized that for each value of the parameter g 12 there is only a local minimum for (9). This guarantees that the local minimum is the global minimum of the function (9). Moreover three different behaviors can be found when the dimensionless parameter g 12 is varied between zero and infinity.
(i) For 0 < g 12 < 1 the global minimum of the function is at the stationary point of type-2 (see Fig. 3 part (a) ). The orthotropic material is associated with an under shear-GMI material. The deformations associated with stationary point of type-2 are nonaxisymmetric. (ii) For g 12 ¼ 1 the global minimum of the function is at the degenerate stationarity points of type-4 (see Fig. 3 part (b) ).
The orthotropic material is associated with a shear-GMI material. The deformations associated with stationary point of type-4 are, in general, nonaxisymmetric but can be occasionally axisymmetric. (iii) For g 12 > 1 the global minimum of the function is at the stationary point of type-3 (see Fig. 3 part (c) ). The orthotropic material is associated with an over shear-GMI material. The deformations associated with stationary point of type-3 are axisymmetric.
Closed-forms for the buckling load of an orthotropic circular cylinder
In this section closed-forms for the buckling stress of an orthotropic simply-supported circular cylinder homogeneous through the thickness will be obtained by evaluating the stress relation (9) at the stationary point where the function assumes the global minimum. As remarked at the end of the previous section, all the three types of nontrivial stationary points can result in the global minimum of the function (9), depending on the value of the parameter g 12 . Based on these arguments, the minimum of the stress relation (9) becomes a function of the parameter g 12 and can be defined as follows:
Looking at (18) a few comments can be made. First, it should be noted that stationary points of type-3 and -4 (g 12 P 1) admit as a minimum the same value. Moreover, it is interesting to note that this value coincides exactly with the expression for the classical buckling load of a homogeneous isotropic circular cylinder where the Young's modulus and the Poisson's ratio of the isotropic material are replaced with the corresponding constitutive constants of the GMI material associated with the given orthotropic material (see (2)). This value is independent of the shear modulus. Conversely, the value of the minimum associated with stationary point of type-2 (0 < g 12 < 1) is scaled by the quantity ffiffiffiffiffiffiffi g 12 p , meaning that the minimum stress for a under shear-GMI orthotropic material becomes dependent on the shear modulus, and approaches zero as the shear modulus approaches zero. It is also interesting to note that approaching the origin of the ðm; nÞ plane along the degenerate ellipse P 4 ðtÞ representing stationary point of type-4 produces the following results: lim t!p rðm 4 ðtÞ; n 4 ðtÞÞ ¼ gE
Based on (19) it can be seen that its limit value is independent of g 12 and coincident with the value that the function assumes in P 3 , namely the second equation of (18). This means that even if (9) cannot be evaluated at the origin (because it is a singular point), there exist points in the immediate neighborhood of the origin having a stress very close to the minimum value that (9) can assume for g 12 > 1. This fact does not affect the previous arguments on the minimum of the function, but it can be important when an estimation of the deformed shape associated with the minimum stress is needed. In fact, it should be noted that (18) is the exact solution of the original problem (6) only if the coordinates of the stationary points listed in Table  2 assume integer values. When the values of m and n are not integers, the value of (6) will be slightly greater than the values estimated by (18), which is a lower-bound for the critical stress.
Before closing this section it should be mentioned that the notation based on the GMI material concept produces two expressions for the buckling stress (see (18) ) that are simpler than the correspondent expressions presented by Dow and Rosen (1966) and Vasiliev (1993) . Like Vasiliev (1993) , specific buckling shapes can be identified with each of the two expressions in (18), as discussed in the next section.
Prediction of the deformed buckling shape
The deformed shape of the circular cylinder associated with the lower critical stress is well defined when the integer pair ðm; nÞ min corresponding to the solution of (6) is known. When the coordinates of the minimum of (9) belong to N 2 for g 12 -1, or when there exists at least one value t 0 of the parameter t such that P 4 ðt 0 Þ 2 N 2 for g 12 ¼ 1, then the pair ðm; nÞ associated with P 2 , P 4 ðt 0 Þ, and P 3 is the pair ðm; nÞ min minimizing (6) for 0 < g 12 < 1, g 12 ¼ 1, and g 12 > 1, respectively. When the coordinates of the stationary points are not integer values it is impossible to make a certain prediction of the deformed shape. However a few considerations can be made (i) For 0 < g 12 < 1 the minimum of (9) is located by P 2 . As discussed in the previous section, for this case there do not exist any other locations where the function (9) assumes values close to the minimum, so it is reasonable to expect the pair of integers ðm; nÞ min minimizing (6) to be in the immediate neighborhood of P 2 . Consequently, the four points in the immediate neighborhood of P 2 , i.e., the four pairs of integers ðm; nÞ closest to P 2 , should be checked as candidates for the solution of (6). For a generic real pair ðm; nÞ the set of the four integer pairs closest to the real pair can be defined as follows:
Pðm; nÞ :¼ ðdme; dneÞ [ ðdme; bncÞ [ ðbmc; dneÞ [ ðbmc; bncÞ ð20Þ Based on (20) the rule of thumb for predicting the integer pair ðm; nÞ min minimizing 6 can be expressed as follows:
ðm; nÞ min ¼ ðm; nÞ 2 Pðm 2 ; n 2 Þ : min m;n frðm; nÞg ð21Þ
A simpler, but less accurate, prediction of the buckled shape can be based exclusively on the estimation of the closer integer value to the real stationary point (i.e., ignoring the curvature of rðm; nÞ). This approach brings the following equation ðm; nÞ min ¼ ðdm 2 À 1=2e; dn 2 À 1=2eÞ ð22Þ
(ii) For g 12 > 1 the minimum of (9) is located by P 3 . As discussed in the previous section, in this case the function (9) evaluated at the points on the critical ellipse defined by P 4 ðtÞ for t ! p assumes values close to the minimum. So, in gen-eral, it is not reasonable to expect the pair of integers ðm; nÞ min minimizing (6) to be in the immediate neighborhood of P 3 . In this regard, the nontrivial eigenvalue of Hesse's matrix for the case of a type-4 stationary point, denoted j ? ðtÞ and given as (A.18) in Appendix A, can be used to make a few comments. Since Hesse's matrix is symmetric it admits it admits two orthogonal eigenvectors. Moreover, the eigenvector associated with the trivial eigenvalue must be tangent to the ellipse defined by P 4 ðtÞ in each location. Consequently, the nontrivial eigenvalue represents the curvature of (9) on P 4 ðtÞ in the direction orthogonal to the ellipse for g 12 ¼ 1. The nontrivial eigenvalue can be used to estimate the tendency of the stress relation (9) to increase in value in the direction orthogonal to the ellipse as the parameter t varies. Referring to (A.18) and taking the limit lim t!p j ? ðtÞ ¼ 1
From this limit it is seen that when the ellipse approaches the origin, i.e., when t ! p, the curvature in the direction orthogonal to the ellipse P 4 ðtÞ tends to infinity. This means that even if for the point on the ellipse in the immediate neighborhood of the origin the value of the stress given by (9) is very close to the minimum value assumed in P 3 , the evaluation of (9) on pairs of integer points ðm; nÞ close to the ellipse near the origin results in large increments in the stress with respect to the minimum values assumed in P 3 . These arguments, of course, don't guarantee that it is impossible to find the pair of integers ðm; nÞ min minimizing (6) in the immediate neighborhood of the origin, but they make this circumstance very improbable. Consequently, it is reasonable to check as a potential candidate for ðm; nÞ min the two integer points in the neighborhood of P 3 , i.e., from (20) ðm; nÞ min ¼ ðm; nÞ 2 Pðm 3 ; 0Þ : min m;n frðm; nÞg ð24Þ
A simpler, but less accurate, prediction of the buckled shape can be based exclusively on the estimation of the closer integer value to the real stationary point (i.e., ignoring the curvature of rðm; nÞ). This approach brings the following equation:
ðm; nÞ min ¼ ðdm 3 À 1=2e; 0Þ ð25Þ
(iii) For g 12 ¼ 1 the minimum is no longer a single point, but rather the minimum is the branch of the ellipse associated with the degenerate stationary point defined by P 4 ðtÞ (see (16)) and locating the closest integer values becomes a hard task. The relevant branch of the ellipse is shown in Fig. 4 together with the grid of integer values for the case c ¼ 2, g ¼ 0:01, and m ¼ 0:3, for example. Looking at this figure it is easily realized that there are many integer pairs ðm; nÞ quite close to the real minimum defined by the ellipse. This sophisticated behavior is not a purely theoretical issue. In fact, it is the case for isotropic materials. The understanding of Fig. 4 makes clear why a slight variation in the geometry of the shear-GMI cylinder may result in a completely different buckled shape, even if the variation in the buckling load is only slight or even zero. This suggests that the buckled shape of a shear-GMI cylinder is much more sensitive to small changes in cylinder geometry when compared to under-and over-GMI cylinders.In fact, based on (15), it is seen that the geometry of the ellipse associated with the degenerate stationary point is controlled by the geometry and material properties of the cylinder through the parameters g and c, and to a lesser degree m. Even a small variation of parameters g and m may result in completely different intersection between the ellipse and the grid of integers. In order to find the pair ðm; nÞ min minimizing (6) for the case of g 12 ¼ 1, a few considerations can be made looking again at the orthogonal curvature of (9) all around the flat elliptical minimum. It seems reasonable that there is a higher probability of finding the pair ðm; nÞ min minimizing (6) close to the region of the ellipse where the nontrivial eigenvalue is small, i.e., the orthogonal curvature is small. The orthogonal curvature depends on c (i.e., the aspect ratio of the critical ellipse, (15)), consequently, the value of the parameter t ¼ t min for which the orthogonal curvature is a minimum is also dependent on c. Performing the needed calculation, the following expression is found for t min
The value of t ¼ t min from (26) is plotted in Fig. 5 , where it can be noted that when 0 < c < ffiffiffi 2 p the region of the ellipse with the smallest orthogonal curvature is located at t min ¼ 0 (i.e., at the nontrivial intersection with the m axis). As noted before, this location coincides with P 3 when g 12 ¼ 1. Similarly, when c > 5 the region of the ellipse with the smallest orthogonal curvature is located very close to t min ¼ p=2, approaching P 2 when c ! 1. Finally, when ffiffiffi 2 p < c < 5 (gray band in Fig. 5 ) the value of t min increases rapidly from zero to near p=2. More precisely, for c ¼ ffiffiffi 2 p , t min jumps from zero to about p=4. Though not shown here, this translates into the fact that for c ¼ ffiffiffi 2 p the value of the orthogonal curvature is almost constant for 0 < t < p=4, while there is a gradual change in value for p=4 < t < p=2. It should be noted that based on practical values of k due to cylinder geometry and material properties (see (7)), the previous arguments simply state that the pair ðm; nÞ min minimizing (6) has a high probability of being in the neighborhood of the quarter of ellipse spanned by 0 < t < p=2. This fact explains why homogeneous isotropic circular cylinders tend to buckle with a high wave number in the axial direction. As can be seen from Fig. 4 , most likely the elliptical minimum passes through or very close to some integer pair. Consequently, even if in the neighborhood of that pair the orthogonal curvature is not minimum, the pair ðm; nÞ min has a high probability of being located there. Based on the previous arguments, it is necessary to check all the integer pairs in the vicinity of the critical ellipse as potential candidates for the pair ðm; nÞ min minimizing (6). The use of the critical ellipse concept dramatically reduces the integer pairs to check and consequently the computational time needed, and most importantly, guarantees finding the right pair in the spanned set, which then provides the buckling stress and the buckling shape. In fact, the pair ðm; nÞ min minimizing (6) must satisfy the following relation:
ðm; nÞ min 2 fðm; nÞ 2 N 2 : m 6 d2ae; n 6 dbeg ð27Þ
Axial buckling stress of an orthogrid circular cylinder
An interesting application of derivation in the previous sections is the determination of the axial buckling stress of an orthogrid cylindrical structure (see Vasiliev, 1993; Vasiliev et al. (2001) ) with a circular cross section. An orthogrid structure is made of a regular system of densely arranged ribs. Here only a specular system of helical ribs will be taken into consideration, i.e., pairs of ribs having orientation AE/ with respect to the axial, or x 1 À, direction except for circumferential or axial ribs (i.e., / ¼ p=2 or / ¼ 0). In Fig. 6 is shown a portion of a lattice structure with a specular set of ribs having orientation / and a set of ribs aligned with the circumferential direction or x 2 -direction. The distance between helical ribs is a h , while the distance between circumferential ribs is a c . The width of the helical ribs is d h while the width of the circumferential rib is d c . The thickness of all ribs is h. It should be noted that for a lattice structure all the ribs lie in the same layer. This circumstance causes the constitutive terms coupling extensional and shear deformation to vanish (i.e., means that a lattice layer behaves as an orthotropic material. According with Vasiliev (1993) and Vasiliev et al. (2001) a lattice layer consisting of circumferencial ribs and specular ribs, which form an angle / with the coordinate line x 1 , (see Fig. 6 ) can be considered as a continuum layer having the equivalent orthotropic material properties given by
where E r is the axial elastic modulus of the ribs locally modeled as a beams and d ¼ d c =a c . Using (2) and (28e) it is possible to define the constitutive properties of the associated GMI material as a function of the rib angle / E ¼ ffiffiffiffiffiffiffiffiffi ffi
Similarly, the dimensionless parameters e 12 and g 12 , defined in (4), can be specialized for an orthogrid construction as
As shown in (18), the axial buckling stress of an orthotropic cylinder can assume two different values, depending on the value of the parameter g 12 . More precisely, when 0 < g 12 < 1 the cylinder deforms in a nonaxisymmetric fashion and the buckling stress becomes dependent on the shear modulus, while when g 12 > 1 the cylinder deforms in an axisymmetric fashion and the axial buckling stress does not depend on the shear modulus. The range of validity of each solution can be expressed as a function of the rib angle / as 0 6 g 12 < 1 ) 0 6 / < p=6;
Consequently, using (18), (29c), (30b) and (31) 
When / ¼ p=6 the orthogrid medium becomes isotropic (usually referred to as isogrid) with a Young's modulus of E r d and a
Poisson's ratio of 1/3 (see (28e)) and (32) assumes the following value:
A few comments can be made regarding (32). First, it is seen that the value of the critical stress depends on the rib width, spacing, and constitutive property only through a multiplicative factor E r d, coinciding with the Young's modulus of the homogenized structure in the isogrid case. Consequently, the rib angle is the main parameter controlling the stability properties of the orthogrid cylinder. Second, it can be easily verified using (32) that r min ð0Þ ¼ r min ðp=2Þ ¼ 0. This behavior is due to the loss of accuracy of the homogenized model in the vicinity of the boundaries of the range of variation of the angle /. In fact, according with (28e) it is seen that G 12 ¼ 0 at / ¼ 0 and E 1 ¼ 0 at / ¼ p=2. These singular values result in the axial buckling stress vanishing.
It is useful to define a dimensionless version of the axial buckling stress (32). A convenient choice is to normalize (32) by the isogrid value defined in (33). Performing the needed calculation results in
It is important to note that (34) depends only on the rib angle /. Eq. (34) is plotted in Fig. 7 as solid line. The extensions of the two functions defining (34) out of their respective ranges of validity are plotted as dashed lines to highlight the fact that the solution switches from the nonaxisymmetric branch associated with the under shear-GMI material ð0 < / < p=6Þ to the axisymmetric branch associated with the over shear-GMI material ðp=6 < / < p=2Þ at / ¼ p=6, where the lattice becomes a shear-GMI material. Looking at Fig. 7 it is seen that (34) admits a maximum in the under shear-GMI region, where the orthogrid cylinder deforms in a nonaxisymmetric pattern. This maximum can be found to be at / best ¼ 25:46 . It is useful to remark that this value of / is independent of the geometry (i.e. d) and the elastic modulus (i.e. E r ) of the ribs.
In order to validate the derived closed-forms represented in (34), results obtained using them will be compared with the exact solution obtained by spanning (6) for m ¼ 1; 2; . . . ; 200 and n ¼ 1; 2; . . . ; 50. The calculation will be performed using the geometric and constitutive properties given in Table 4 . In order to compare (34) with (6), the value of (6) at / ¼ p=6 must be evaluated. This value is given in Table 5 together with the value from (33). As seen from Table 5 the value predicted by (33) is in good agreement with the exact solution of (6). Moreover, as expected, the value predicted by (33) is slightly less than the exact one (6). Using the value given in Table 5 , a qualitative comparison between (6) and (34) is shown in Fig. 8 , where the solid line represents (34) and the dots represent the solution of (6) at different values of the rib angle / normalized with respect to the isogrid value given previously (i.e., r cr ðp=6Þ ¼ 7:96085 Â 10 7 Pa). Each dot is labeled with the pair of integers minimizing (6) for the corresponding values of /. A few comments can be made based on Fig. 8 . First, it is seen that (34) accurately predicts the solution of (6) over the whole range of rib angle /. Second, looking at the ðm; nÞ labels it can be seen that the three different behaviors associated with the under shear-GMI, shear-GMI, and over shear-GMI material are confirmed. In fact, as predicted, the deformations associated with the under shear-GMI region are nonaxisymmetric (i.e., n-0), the deformations associated with the over shear-GMI region are axisymmetric (i.e., n ¼ 0), while the deformations associated with the shear-GMI case are, in general, independent from other regions. A quantitative comparison between the critical axial stress, estimated by (6) and normalized with respect to the isogrid critical stress, and the minimum stress estimated by (34) is given in Table 6 for the same values of / given in Fig. 8 belonging to the under shear-GMI region. Looking at Table 6 it is seen that, as expected, (34) always gives an under-prediction of the true axial buckling stress given by (6), as (34) is a lower-bound for (6). Similarly in Table 7 , a comparison between (6) and (34) is given for a few samples belonging to the over shear-GMI region (see Fig. 8 ). All the comments made for Table 6 apply to Table 7 even if the prediction given by (34) seems to be more accurate in the over shear-GMI region.
The shear-GMI case (i.e., / ¼ p=6) needs some extra comments. In fact, as seen in the previous section, for this value the minimum of (34) lies on an ellipse in the ðm; nÞ plane. The two radii of the critical ellipse can be evaluated by substituting (29c) and (30b) in (15). Performing the needed calculation, the following expressions are found: Table 5 Comparison between (33) and (6) The ellipse obtained using (35) is shown in Fig. 9 , with the closest integer pairs encircled. The critical ellipse does not pass through any integer pair, so (34) is not the exact solution for the problem under examination. Looking at Fig. 9 it is seen that the pair ðm; nÞ ¼ ð9; 1Þ minimizing (6) for / ¼ p=6 (see Table 5 ) corresponds to one of the integer pairs that are close to the critical ellipse, in line with the theoretical prediction. From Fig. 9 it is seen that a slight variation of the ellipse geometry can cause the curve to pass exactly through some integer pairs, and consequently force (33) to be the exact solution of (6). As stated previously, the geometry of the ellipse can be controlled through the parameters g and c. Specifically (see (18) and (32)), the critical stress depends on the parameter g, but it is independent of the parameter c that appears in the derived theory only as the aspect ratio of the critical ellipse of (35). Consequently, the geometry of the critical ellipse in Fig. 9 can be modified by varying the parameter c without changing the critical stress of the cylinder. The proper value of c 0 needed to force the critical ellipse to pass through the pair of integers ðm 0 ; n 0 Þ is given by the following expression: Table 7 Comparison between (6) and (34) Fig. 9 . Critical ellipse associated with the isogrid case. Closest integer pairs encircled.
Table 8
Solution of (6) for nine variations of k
where b is given by (35). As seen from Table 8 the critical ellipse can be forced to pass through nine of the integer pairs encircled in Fig. 9 by varying the parameter c within ±5% from its nominal value (i.e., c ¼ 2 in Table 4 ). Needless to say, for totality of the cases shown in Table 8 , the axial buckling stress estimated using (6) exactly coincides with the one obtained using the closed-form (33) (see Table 5 ). This example illustrates the high sensitivity of a circular cylinder constructed of a shear-GMI material to the geometric parameters. A slight change in the cylinder geometry can produce completely different buckled shapes without producing any change in the axial buckling stress. Moreover, both axisymmetric and nonaxisymmetric deformations can be produced. It should be finally noted that, due to the plus-minus nature of (36), for each integer pair there exist two different geometries having the same buckled shape and the same axial buckling stress. For the axisymmetric solution (i.e., n ¼ 0) the second possible geometry is given by c 0 ¼ 0, therefore by (1) k ¼ 0, i.e., an infinitely long cylinder.
In order to predict how the buckled shape of the orthogrid cylinder depends on the helical rib angle / in the under and over shear-GMI regions, the coordinates of the stationary points as a function of / must be determined. As shown in Fig. 3 parts (a) and (c), respectively, for the under shear-GMI region the global minimum is located at the stationary point of type-2 having coordinates ðm 2 ; n 2 Þ, and for the over shear-GMI region at the stationary point of type-3 having coordinates ðm 3 ; 0Þ. Substituting (29c) and (30b) in the general equation of the stationary point of type-2 and -3 given in Table 2 results in the following expressions:
The results obtained using (22) in order to predict the integer pair m and n minimizing (6) in the under shear-GMI region are shown in Fig. 10 (a) and (b), respectively. More precisely: m 2 ð/Þ and n 2 ð/Þ (see (37c)) are shown in dashed line; (22), i.e., dm 2 ð/Þ À 1=2e and dn 2 ð/Þ À 1=2e, are shown in solid line; and the exact solution of (6) is shown as dots for the same values of / shown in Table 6 . Looking at Fig. 10 it is seen that (22) correctly predicts the m value in the totality of the cases. In contrast, the value of n is not predicted correctly in two cases, namely / ¼ p=30 and / ¼ p=10, encircled in Fig. 10 (b) . It is easy to realize that the incorrect prediction is due to the proximity of / ¼ p=30 and / ¼ p=10 to the discontinuities of dn 2 ð/Þ À 1=2e. Performing the needed calculation it can be shown that using (21) instead of (22) to predict the pair ðm; nÞ the incorrect predictions are avoided. Similarly, the results obtained using (25) in order to predict the integer pair ðm; 0Þ minimizing (6) in the over shear-GMI region are shown in Fig. 11 . More precisely: m 3 ð/Þ (see (37c)) is shown in dashed line; (25), i.e., dm 3 ð/Þ À 1=2e, is shown in solid line; and the exact solution of (6) iability of m 3 ð/Þ (see labels in Fig. 8 ), only a portion of the over shear-GMI region is shown in Fig. 11 . Looking at Fig. 11 it is seen that (25) correctly predicts the m value in the totality of the cases shown in the figure. Performing the needed calculation, it can be shown that (25) correctly predicts the m value in the whole over shear-GMI range.
Summary comments
The concept of a geometric mean isotropic (GMI) material associated with an orthotropic material simplifies the calculations involved in the axial buckling analysis of a circular cylinder made of an given orthotropic material. The closed-forms for the lower-bound buckling stress can be written in terms of parameters that describe the given orthotropic material relative to the associated GMI material, as well as parameters which define the geometry of the cylinder. The stationary points of the buckling stress relation, with respect to the parameters defining the buckling deformations, and the character of the points as regards being a minimum, maximum, or saddle point are conveniently described by defining the given orthotropic material in terms of its associated GMI material. Increased insight into character of the buckling deformations as regards to being axisymmetric or nonaxisymmetric is gained by comparing the given orthotropic material with the associated GMI material. When applied to an orthogrid lattice cylinder consisting of helical and circumferential ribs, and for which the elastic properties of the lattice structure has been homogenized into an equivalent orthotropic material, the parameters for the associated GMI material reduce to expressions involving the lattice rib angle, or the rib angle and the axial modulus of the rib material. The classic isogrid construction corresponds to a helical rib angle of 30°relative to the axial direction of the cylinder. In this case the homogenized material is isotropic and coincident with the associated GMI material. For rib angles less than 30°the equivalent orthotropic material is an under shear-GMI material, while for rib angles greater than 30°the equivalent orthotropic material is over shear-GMI material. Accordingly, the buckling characteristics, particularly the existence of axisymmetric or nonaxisymmetric buckling deformations in the orthogrid cylinder, can conveniently be predicted.
Of course, with the analysis presented, it is possible to consider the inverse problem, namely, what orthotropic material properties are required with a particular cylinder geometry to cause a cylinder to buckle in an axisymmetric fashion or nonaxisymmetric fashion, or that displays some other buckling characteristics. This is felt to be a very useful application of the developed analysis. It is believed that the approach presented in this paper can also be applied to conveniently characterizing the vibration characteristics of orthotropic cylinders. The developed analysis may also be useful in tailoring the orthotropic material properties of a noncircular cylinder to improve the reduced buckling capacity relative to a circular one of the same circumference. (Note: To assist other researchers it should be mentioned that in (6.228) in Vasiliev (1993) , first printing, it is the square root of the product of the moduli which should be in the numerator.) The a coefficients of the P m2 ðm; nÞ and P n2 ðm; nÞ polynomials will be indicated with the superscript m and n, respectively.
They are Looking at (A.7) it can be seen that gð0Þ, representing the nontrivial intersection between P m2 ¼ 0 and the m axis, is always a positive quantity when the parameters g and m are varied in their range of definition (i.e., g > 0 and m 2 < 1), meaning that this intersection with the m axis always exists. Moreover, it can be proven that gðkÞ is limited for each k > 0 and, according to (A.7), tends to zero as k ! 1. Similarly, it can be proven that the quantity kgðkÞ representing the n coordinate of the intersection point is equal to zero for k ¼ 0, is limited for each k > 0, and tends to zero as k ! 1. Based on these arguments, it can be stated that P m2 ¼ 0 forms two closed loops, symmetric with respect to the n axis, where they are tangent at the origin, one loop to the other loop and each one with the n axis (see Fig. A.1) . Moreover, each loop is symmetric with respect to the m axis and intersects it only at the origin and at a second location that is independent of the parameter g 12 . These loops are plotted as black lines in Fig. A.1 (a), (b) , and (c) for various ranges of the parameter g 12 , the measure of the shear deviation of the orthotropic material from the GMI material (see (5)). By contrast, it can be seen that gð0Þf ð0Þ, representing the nontrivial intersection between P n2 ¼ 0 and the m axis, is defined only when the function f ðkÞ assumes real values (i.e., only when the argument of the root in (A.7) is positive). It can be seen that when 0 < g 12 < ð1 þ mÞ=m, f ðkÞ is defined and P n2 ¼ 0 forms two closed loops symmetric with respect to both the m and n axes and tangent to the n axis at the origin (see light color line of Fig. A.1 (a) ); when g 12 ¼ ð1 þ mÞ=m, f ð0Þ ¼ 0 and P n2 ¼ 0 splits into two petals, both tangent to the m axis at the origin (see light color line Fig. A.1 (b) ); and when g 12 > ð1 þ mÞ=m, f ðkÞ is not defined for k 2 < Àc 2 ð1 þ mð1 À g 12 ÞÞ=g 12 , meaning there is no intersection between P n2 ¼ 0 and the straight line through the origin when its slope is in the range 
p are shown dashed). To provide some physical insight into the findings at this point, it should be remarked that an intersection of the loop with the m axis ðn ¼ 0Þ, other than the trivial intersection, represents axisymmetric buckling deformations if the stationary point is a minimum of (9). Classification of the stationary points will be discussed shortly. An intersection of the loops for m-0 and n-0 could represent nonaxisymmetric buckling deformations.
The previous arguments furnish a qualitative description of the two equations P m2 ¼ 0 and P n2 ¼ 0 but do not give any information about the existence of stationarity points of type-4 defined as the potential intersections between the two equations P m2 ¼ 0 and P n2 ¼ 0. In order to detect any possible intersections the coordinates of the intersections between the straight line and P m2 ¼ 0 and P n2 ¼ 0, respectively, must be compared. Looking at (A.3b) it can be seen that the nontrivial intersections between the equations P m2 ¼ 0 and P n2 ¼ 0 and the straight line through the origin are proportional to each other through the function f ðkÞ. Consequently, Q m ðkÞ and Q n ðkÞ can be equal for a given k ¼ k 0 if and only if f ðk 0 Þ ¼ 1. It easy to see from (A.5b) that the equation f ðkÞ ¼ 1 is independent of k. This means that there does not exist any value of the slope k 0 such that the polynomials equations P m2 ¼ 0 and P n2 ¼ 0 have a single point in common, or equivalently, the function f ðkÞ does not intersect the unit value in a single point for any value k 0 . Rather, f ðkÞ approaches the unit value only when k approaches infinity (see (A.6 Uðg 12 ; mÞ > 0 ) f ðkÞ > 1
ðA:9cÞ
Based on (A.9c) it can be understood that the sign of the function Uðg 12 ; mÞ controls the behavior of the two relations P m2 ¼ 0 and P n2 ¼ 0. More precisely, when Uðg 12 ; mÞ < 0, i.e., g 12 > 1, each of the two loops of P n2 ¼ 0 is completely inside the corresponding loop of P m2 ¼ 0, having in common only the origin where all loops are tangent to the n axis (see Fig. A .1 (f), P m2 ¼ 0 in black, P n2 ¼ 0 in light color). Conversely, when Uðg 12 ; mÞ > 0, i.e., 0 < g 12 < 1, each of the two loops of P m2 ¼ 0 is completely inside the corresponding loop of P n2 ¼ 0, having in common the origin only where all loops are tangent to the n axis (see ) and (f) the functions P m2 ¼ 0 and P n2 ¼ 0 can never intersect each other at just a single nontrivial point, they can intersect at an infinite number of points, i.e., the two polynomials P m2 and P n2
can be coincident. This situation occurs when the two constitutive parameters m and g 12 are related by Looking at (4) it can be seen that the root ðg 12 Þ 1 is associated with a shear-GMI material. The root ðg 12 Þ 2 must be discarded because it violates the requirement that the stiffness matrix be positive definite. The relations P m2 ¼ 0 and P n2 ¼ 0 corresponding to the root ðg 12 Þ 1 are illustrated in Fig. A.1 (e) . Substituting the admissible root g 12 ¼ ðg 12 Þ 1 ¼ 1 in (A.2o) and the results in (A.1), the two polynomials P m2 and P n2 become coincident, or equivalently, they intersect each other at an infinite number of points, a degenerate condition.
A.2. Character of Hesse's matrix
Hesse's matrix associated with the axial buckling stress is given by (17) in the main text is repeated and renumbered here for convenience Hðm; nÞ ¼ Evaluating (A.11) for the stationary point of type-2 (see Table 2 in the main text) the following matrix is obtained where Uðg 12 ; mÞ is defined in (A.8). Similarly, (A.12) is negative definite when ðH 2 Þ 11 < 0 detðH 2 Þ > 0 ) ð1 À g 12 Þ < 0 Uðg 12 ; mÞ > 0 ) never ðA:14Þ
Eq. (A.13) states that stationary point of type-2 is the local minimum when 0 < g 12 < 1. Similarly, (A.14) states that stationary point of type-2 can never be a local maximum. Consequently, it is a saddle point when g 12 > 1. It is interesting to note that the sign of detðH 2 Þ (i.e., the sign of the product of the two eigenvalues of (A.12)) is coincident with the sign of Uðg 12 ; mÞ.
This means that the nature of the stationary point of type-2 is intimately related with the behavior of the two polynomials P m2 and P n2 . When g 12 ¼ 1, detðH 2 Þ ¼ 0, meaning that one of the two eigenvalues of H 2 is zero. The second eigenvalue is positive, resulting in H 2 being positive semi-definite. This characteristic is associated with a function that is flat in one direction. That coincides with the fact that with g 12 ¼ 1 the stationary point of type-2 is on the ellipse associated with the degenerate stationary point in the ðm; nÞ plane. Evaluating (A.11) for the stationary point of type-3, the following matrix is obtained: Since ðH 3 Þ 11 > 0 for any g 12 > 0, (A.15) can never be negative definite and consequently the stationary point of type-3 can never be a maximum. Consequently, when Uðg 12 ; mÞ > 0, i.e., when 0 < g 12 < 1, the second eigenvalue of (A.15) becomes negative and the stationary point of type-3 becomes a saddle point. Again the sign of ðH 3 Þ 22 (i.e., the sign of one eigenvalue of (A.15)) is related to the sign of Uðg 12 ; mÞ. The stationarity point of type-3 is a minimum when H 3 is positive definite. This happens when Uðg 12 ; mÞ < 0, i.e., when the loops of the equation P n2 ¼ 0 are inside of the loops of the equation P m2 ¼ 0 (see Fig. A.1 (f) ). Similarly, the stationarity point of type-3 is a saddle point when Uðg 12 ; mÞ > 0, i.e., when the loops of the equation P m2 ¼ 0 are inside of the loops of the equation P n2 ¼ 0 (see Fig. A.1 (d) ). When g 12 ¼ 1, detðH 3 Þ ¼ 0, meaning that one of the two eigenvalues of H 3 is zero. The second eigenvalue is positive, resulting in H 3 being positive semi-definite. This can be again interpreted as the function being flat in one direction for g 12 ¼ 1. That is true because for g 12 ¼ 1 the stationary point of type-3 is on the ellipse associated with the degenerate stationary point. Finally, evaluating (A.11) for the stationary points of type-4 the following matrix is obtained:
H 4 ðtÞ ¼ Hðm 4 ðtÞ; n 4 ðtÞÞ ¼ 2Eg
